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Sparse implementation of the SFA-LMM

This section extends the sparse implementation of the
average information (AI) algorithm for the partially
separable factor analytic linear mixed model
(SFA-LMM). Thompson et al. (2003) introduced the
sparse implementation for factor analytic linear mixed
models as a more efficient approach to estimate the key
variance parameters, that is the loadings, score vari-
ances and specific variances. This approach also pro-
vides a natural way to handle cases where some specific
variances are zero. When all specific variances are zero,
this leads to a (fully) reduced rank factor analytic linear
mixed model (Kirkpatrick and Meyer, 2004).

Preliminaries

The SFA-LMM for y, the ns-vector of phenotypic data
on v genotypes, p environments and s traits, is:

y:XT+ZAtefte+(Is®Z)6te+57 (].)

where Zp,, = At Q@ Z[Ae ® L] is the n x vkik,. separa-
ble factor analytic design matrix, and € = (I; ® Z)u, +
(I ® Zp)up + e, with var(e) = Re. The SFA-LMM in
Equation 1 can be extended by reordering and parti-
tioning the regression residuals as dge = (8¢q,,0¢e,)
where 0, is & vp1si-vector with no zero elements and
Ote, is a v(p1S2 + pas)-vector with all zero elements,
such that p = p; + ps and s = s; + sg, with p; > 1
due to the constraints required during estimation (see
Section X of the manuscript). Two simpler models can
also be obtained:

1. When p; = p and s; = s, no specific variances are
zero. This model is the conventional SFA-LMM.

2. When s; = 0, all specific variances are effectively
zero. This model is referred to as the reduced rank
SFA-LMM.

The model considered below allows some specific vari-
ances to be non-zero and some to be zero. The SFA-
LMM can therefore be written as:

Y =X7T 4+ Za, fte + Z16te, + Z20te, + €, (2)

where [Z; Zs] is partitioned conformably with d¢e.
It is assumed that te, = 0, and that:

fre 0] [Di@D. 0
)N (lo] ™0™ v 2 | 20e)

In this model, the genotype scores and regression resid-
uals are assumed to be independent. Thompson et al.
(2003) also present an equivalent formulation where the
random effects are assumed to be dependent. This for-
mulation will be extended for the SFA-LMM in a sub-
sequent paper.

The mixed model equations for the SFA-LMM in
Equation 2 are given by:

Prediction of genotype scores and regression residuals

Following Smith et al. (2019), Equations 2 and 3 can
be written as:
y=Wpa+e and CB=WR_ly, (4)

where W = [X Zp, Z1] and C = W' RZ'W + G 1,
with:

) # 0 0 0
B=| fie | and G.'= |0 D' @D;! @ G,! 0 .
dte, 0 0 v oWl oGyl

The BLUPs of the key random effects are obtained via
absorption of C onto y" Ry, which gives:

fie = [Dy ® De ® Gg|ZaL, Py and die, = [Ty, ® Te, ® Gg] Z{ Py,

where P = R_! — R;IWC'W'R_! is the ns x ns
residual sum of squares matrix. Absorption of C also
produces the prediction error variance matrices, with:

var(fee — fro) = Cftefte  and  var(die, — Ote,) = COte1%ter

where Cftefte = [Dy ® De ® Gg| (Iok,k. — ZaPZa,,
[D; ® De ® Gg|) and Coter®ter = [Py, ® ¥e, @ Gg)
(vas —7ZPZ, [\Iltl QR WPe, ® Gg]). These matrices are
equivalent to the diagonal blocks in C~! corresponding
to f’te and Steu respectively.

Lastly, note that the components in the equations
above assume the variance parameters are known. The
variance parameters are unknown, however, so they must
be estimated. The resulting predictions are therefore re-
ferred to as EBLUPs.

Estimation of loadings and specific variances

The REML estimates of the key variance parameters
are obtained by maximising the residual log-likelihood,
which is given by:

I(y2) = —3 (log/H| + log| X"H™'X| + y' Py)
= 3 (log/H] + log|X"H™'X| +y;H 'yr), (5)

where yo = Ly such that L)X = 0 and y, = y — X7,
with var(y,) = H (Verbyla, 1990). In particular, the
REML estimates are obtained by solving a set of (score)
equations, which are given by:

sty = 202 g )

where k is the b-vector of variance parameters in the
IFA-LMM. The score equations were originally solved
using numerical approaches based on the observed or

X'R;'X X'R;'Za,, X'R;'Z, K X'R.'y
Zp R;'X Zp R;'Za, +D;' @D @ Gt Zp R;'Zy fio | = [Za Ry | (3)
ZIR;'X Z{R_'Zn,, ZIR;'Z+ U @U@ Gl | e, ZiR 'y
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expected information. The Al algorithm is based on the
average information, and computes updates as:

(m+1) — o(m) | [Iém)} T s(k™), (7)

where k(™) is the b-vector of variance parameters, I;(,m)
is the AT matrix and s(k("™)) is the score equations for
the m!" iteration. Note that the superscript “m
moved in the following for brevity. The score equation
for k; is given by (Gilmour et al., 1995):

7 is re-

s(k;) =—% [tr(PHi) — yTPqi] , (8)
where H;

ith variance parameter, which is given by:

T and q; is the working variate for the

Next, let the vectors of key variance parameters in the
SFA-LMM be denoted by:

Aa = vect(A,),

d, = diag(D,) and 1,, = diag(¥,,),

where a =t and e for traits and environments.
The working variates for the key variance parame-
ters are given by:

(A¢DeAT, + Ay, DiA}) ® Z(AeDeAL ® Gg)ZT |Py 5, € Ay
AtDiA} @ Z([ADAL, + Ao, DALl ® Gg)Z' | Py 1 € Ao
Zn,, |Di; @ Do @ Gg| ZaL, Py ki € dy
97 za. [De e De, 0G| ZaLPY wied,
Zy | W, ® U, ® Gg| Z] Py Ki € 1y,
Zy | ¥, @ ¥, ® Gg|Z{Py Ki € e,
where A, = g;‘ D, = g?*‘ and \ila1 = 31},1;*‘11

with a =t or e. The working variates for the spemﬁc
variances can be simplified since the regression residuals
are independent across trait by environment combina-
tions. It therefore follows that:

@ = Zy, (e, ® Gg|Zy"
") 21, [®e, © Gg|Z, Piy

R S ¢t1
R € ¢e1

where Z, is the ny X vp; design matrix for the i* trait

p ~, njor Zy, is the n;s1 Xvs; design matrix
env1ronment, P;. are the corresponding n
are the corresponding vp;

withn; =
for the "
or n;s; rows in P and Z;
or vs; columns in Z;.

The trace term in Equation 8 is then given by:

2 tr [(AT @ (AL ® 1] Z )R, ' WC e Ki € Ay
2tr [(Af @ Ay, ©L]Z )R, WC ] Ki € Ao
(PEL) = tr | (De, Dy ' @ De @1, )ZAtCRglwcfte ki € dy
tr|(Dy ® Do, D3 ©1,)ZALR;IWCTe| 1, € de
tr [ (B, ¥y 0 W, O, )z;Rglwcfim] Ki €y,
tr[ (W1, @ ¥e, U1 9 L)Z{R;IWCHn | e g,

where Cfte is the column in the inverse coefficient ma-
trix corresponding to fie and C%¢e1 is the column cor-
responding to dte, -

The trace terms for the specific variances can be
further simplified as:

. At [(\I}e1®17,)ZfR W, C‘**ﬂ] ki € e,
(T 9 L)ZRIWCP| ey,

where R, is the i*" diagonal block in Re, W;. are the
n1 or n;s; rows in W corresponding to the it" trait or

environment and C %t are the vp1 or vs; columns in
C corresponding to Steli . The trace terms avoid work-
ing with the dense genomic relationship matrix. When
Gg is not prohibitively large, the trace term for the
specific variances can also be computed as:

. :’ tr(‘l’el)
tr(PH;) = { wvli tr( P, )
. ty

i

—tr [(\Ile1 ® Gg)Cmi’“i]
—tr [(‘Ilt1 ® Gg) C"lz"‘i}

Ki € ’ll)tl

Ki € ¢e1

where C:": is the prediction error variance matrix
of ni, =Z, Py.y.
Lastly, the Al matrix in Equation 7 is given by:

T. = ;Q'PQ, (10)

where Q = [q1 q2 ... Q] is the ns x b matrix of work-
ing variates across all b variance parameters. The Al
matrix is obtained via absorption of C onto Q" R;1Q
(Smith, 1999).

References

Gilmour AR, Thompson R, Cullis BR (1995) Average
information reml: An efficient algorithm for variance
parameter estimation in linear mixed models. Bio-
metrics 51:1440-1450, URL http://doi.org/10.
2307/2533274

Kirkpatrick M, Meyer K (2004) Direct estimation of
genetic principal components: Simplified analysis of
complex phenotypes. Genetics 168:2295-2306, URL
http://doi.org/10.1534/genetics.104.029181

Smith AB (1999) Multiplicative mixed models for the
analysis of multi-environment trial data. PhD thesis,
University of Adelaide, URL http://hdl.handle.
net/2440/19539

Smith AB, Borg LM, Gogel BJ, Cullis BR (2019) Esti-
mation of factor analytic mixed models for the anal-
ysis of multi-treatment multi-environment trial data.
International Biometric Society 24:573-588, URL
http://doi.org/10.1007/s13253-019-00362-6

Thompson R, Cullis BR, Smith AB, Gilmour AR (2003)
A sparse implementation of the average information
algorithm for factor analytic and reduced rank vari-
ance models. Australian and New Zealand Journal
of Statistics 45:445-459, URL http://doi.org/10.
1111/1467-842X.00297

Verbyla AP (1990) A Conditional Derivation of Resid-
ual Maximum Likelihood. Australian Journal of
Statistics 32:227-230, URL http://dx.doi.org/10.
1111/3.1467-842X.1990.tb01015.x


http://doi.org/10.2307/2533274
http://doi.org/10.2307/2533274
http://doi.org/10.1534/genetics.104.029181
http://hdl.handle.net/2440/19539
http://hdl.handle.net/2440/19539
http://doi.org/10.1007/s13253-019-00362-6
http://doi.org/10.1111/1467-842X.00297
http://doi.org/10.1111/1467-842X.00297
http://dx.doi.org/10.1111/j.1467-842X.1990.tb01015.x
http://dx.doi.org/10.1111/j.1467-842X.1990.tb01015.x

